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Homogeneous Crystals Lattice Models

Part 1: Homogeneous Disordered Crystals
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Homogeneous Crystals Lattice Models

Starting point: The Discrete Lattice

x
y

Lattice Zd

Nodes label the unit cells
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Homogeneous Crystals Lattice Models

The Fibers

x,!
Unit cells are usually complicated

Each lattice node carries a fiber  

(fiber = finite dimensional Hilbert space)
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Homogeneous Crystals Lattice Models

The Underlying Atomic Potential

x,!
The atoms are never fixed

They giggle in an atomic force field

solidification of single-crystal
Nat. Inst. of Stand. US

X-Ray diffraction pattern

Ω =
{
ω = {ωβx }β,x∈Zd

}
=
∏
x∈Zd

Ω0 (the configuration space)

ωβx = displacement from equilibrium position of atom β in cell x .

Dynamical System: (Ω, τ,P), τ = (τ1, . . . , τd) = action of Zd on Ω
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Homogeneous Crystals Lattice Models

The Hopping Processes

! β

x
y

They generate all physical process

Electron Hoppings

Wy ⊗ |x〉〈x |Sy , Wy = matrix acting on fibers

Sy = lattice shift by y
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Homogeneous Crystals Lattice Models

Homogeneous Lattice Hamiltonians (with B-field)

The most general form:

H : CN ⊗ `2(Zd)→ CN ⊗ `2(Zd)

Hω(B) =
∑
y∈R

∑
x∈Zd

Wy (τxω)⊗ |x〉〈x |Uy

R ⊂ Zd = finite hopping range; Uy = e i y∧XSy = magnetic translations

Covariant property:

UyHωU
∗
y = Hτyω

w.r.t. a discrete ergodic dynamical system (Ω, τ,Zd ,P).

Remark:

The covariant property ensures that the macroscopic properties, including the
macroscopic response functions, do not fluctuate from one disorder configuration
to another.
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Classification of Homogeneous Crystals Periodic Table of Topological Insulators and Superconductors

Part 2: Classification of Condensed
Matter Systems
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Classification of Homogeneous Crystals Periodic Table of Topological Insulators and Superconductors

A. P. Schnyder, S. Ryu, A. Furusaki, A. W. W. Ludwig, Classification of topological insulators and superconductors in three
spatial dimensions, Phys. Rev. B 78, 195125 (2008).
A. Kitaev, Periodic table for topological insulators and superconductors, (Advances in Theoretical Physics: Landau Memorial
Conference) AIP Conference Proceedings 1134, 22-30 (2009).
S. Ryu, A. P. Schnyder, A. Furusaki, A. W. W. Ludwig, Topological insulators and superconductors: tenfold way and
dimensional hierarchy, New J. Phys. 12, 065010 (2010).

j TRS PHS CHS CAZ 0, 8 1 2 3 4 5 6 7

0 0 0 0 A Z Z Z Z
1 0 0 1 AIII Z Z Z Z
0 +1 0 0 AI Z 2Z Z2 Z2

1 +1 +1 1 BDI Z2 Z 2Z Z2

2 0 +1 0 D Z2 Z2 Z 2Z
3 −1 +1 1 DIII Z2 Z2 Z 2Z
4 −1 0 0 AII 2Z Z2 Z2 Z
5 −1 −1 1 CII 2Z Z2 Z2 Z
6 0 −1 0 C 2Z Z2 Z2 Z
7 +1 −1 1 CI 2Z Z2 Z2 Z

- each n ∈ Z or Z2 defines a distinct macroscopic insulating phase: σxx = 0.
- the phases are separated by a bulk Anderson transition: σxx > 0

- σ‖ > 0 along any boundary cut into the crystals.
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Classification of Homogeneous Crystals Index Theorems for Bulk

The Index Theorem for Bulk Projections (d = even)

Let d be even and let Pω be a covariant projection such that:∫
Ω
dP(ω)

〈
0
∣∣∣∣∣[X ,Pω]

∣∣d ∣∣∣0〉 <∞
Let Γ1, . . . , Γ2 be irreducible rep of Cld . Then, P-almost surely

Fω = Pω

(
X · Γ
|X |

)
+−

Pω ∈ Fredholm class

and

IndFω = Λd

∑
ρ∈Sd

(−1)ρ
∫

Ω
dPω

〈
0
∣∣∣Pω d∏

i=1

ı
[
Xρi ,Pω

]∣∣∣0〉

E. P., B. Leung, J. Bellissard, The non-commutative n-th Chern number (n ≥ 1), J. Phys. A: Math. Theor. 46, 485202 (2013).
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Classification of Homogeneous Crystals Index Theorems for Bulk

Physical Interpretation

1 PF = χ(Hω ≤ εF ) be the Fermi projection.

2 I = {i1, . . . , ik} ⊆ {1, . . . , d} be a set of indices, |I | = even.

3

ChI (PF ) = Λ|I |
∑
ρ∈SI

(−1)ρ
∫

Ω

dPF

〈
0
∣∣∣Pω |I |∏

i=1

ı
[
Xρi ,PF

]∣∣∣0〉
Then

1 Ch{i,j}(PF ) = σij (Hall conductance for the (i , j)-plane)

2 Ch{i,j}∪I (PF ) = ∂φijChI (PF )⇒ ChI (PF ) = ∂φi1 i2
. . . σik−1ik

(non-linear Hall conductance)

E. P., H. Schulz-Baldes, Bulk and Boundary Invariants for Complex Topological Insulators, Springer monograph (2016).
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Classification of Homogeneous Crystals Index Theorems for Bulk

The Index Theorem for Bulk Unitaries (d = odd)

Let d be odd and let Uω be a covariant unitary such that:∫
Ω
dP(ω)

〈
0
∣∣∣∣∣[X ,Uω]

∣∣d ∣∣∣0〉 <∞
Let E+ be the spectral projection onto the positive spectrum of X · Γ.
Then, P-almost surely

Fω = E+UωE+ ∈ Fredholm class

and

IndFω = Λd

∑
ρ∈Sd

(−1)ρ
∫

Ω
dP(ω)

〈
0
∣∣∣ d∏
i=1

ıU∗ω
[
Xρi ,Uω

]∣∣∣0〉

E. P., H. Schulz-Baldes, Non-commutative odd Chern numbers and topological chiral phases, J. Func. Analysis (in press).
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Classification of Homogeneous Crystals Index Theorems for Bulk

Physical Interpretation

1 Chiral Symmetry:
(
1N
0

0
−1N

)
Hω
(
1N
0

0
−1N

)
= −Hω

2

sgn(Hω) =
(

0
UF

U∗F
0

)
, UF = Fermi unitary operator

3 I = {i1, . . . , ik} ⊆ {1, . . . , d} be a set of indices, |I | = odd.

4

ChI (UF ) = Λ|I |
∑
ρ∈SI

(−1)ρ
∫

Ω

dPω
〈

0
∣∣∣ |I |∏
i=1

ıU∗F
[
Xρi ,UF

]∣∣∣0〉
Then

1 Ch{i}(UF ) = Pc
i (Vector of Macroscopic Chiral Polarization)

2 Ch{i,j}∪I (UF ) = ∂φijChI (UF )⇒ ChI (UF ) = ∂φi1 i2
. . .Pc

ik

E. P., H. Schulz-Baldes, Bulk and Boundary Invariants for Complex Topological Insulators, Springer monograph (2016).
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The Algebraic Formulation Algebra of Physical Observables

Part 3: The algebraic framework
of Jean Bellissard
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The Algebraic Formulation Algebra of Physical Observables

The Algebra of Bulk Physical Observables Ad

Definition (φij = magnetic flux through the facets of unit cell)

The universal C∗-algebra

Ad = C∗
(
CN(Ω), u1, · · · , ud

)
, CN(Ω) = C (Ω,MN×N)

generated by the following commutation relations:

uiu
∗
i = u∗i ui = 1, i = 1, . . . , d

ui uj = e iφijuj ui , i , j = 1, . . . , d

}
non − commutative torus

f uj = uj (f ◦ τj) , ∀ f ∈ CN(Ω) , j = 1, . . . , d .

A generic element takes the form

a =
∑
x∈Zd

ax ux , ax ∈ CN(Ω) , ux = ux1
1 · · · uxdd .
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The Algebraic Formulation Algebra of Physical Observables

Canonical Representation on CN ⊗ `2(Zd)

Proposition

πω(uj) = Uj , j = 1, . . . , d ,

πω(f ) =
∑
x∈Zd

f (τxω)⊗ |x〉〈x |, ∀ f ∈ CN(Ω),

defines a family {πω}ω∈Ω of faithful representations.

For generic elements

Ad 3 a =
∑
y∈Zd

ay uy −→ πω(a) =
∑

x,y∈Zd

ay (τxω)⊗ |x〉〈x |Uy .

All homogeneous lattice models can be generated from Ad !
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The Algebraic Formulation Non-commutative calculus

Fourier Calculus for Algebra of Observables

Defined by the group of continuous ∗-automorphisms ρk induced by the
U(1) twists

uj → eıkjuj , kj ∈ [0, 2π], j = 1, . . . , d .

The Fourier coefficients of a ∈ Ad

Φx(a) =

∫
Td

dk e−ı〈x|k〉ρk(au∗x ) ∈ CN(Ω), x ∈ Zd .

For a generic element a ∈ Ad , the Cesàro sums converge to a

a(n) =
∑

x∈[−n,...,n]d

d∏
j=1

(
1− |xj |

n + 1

)
Φx(a) ux
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The Algebraic Formulation Non-commutative calculus

Non-Commutative Calculus

Defined over Ad through the Fourier calculus:

Derivation:

Φx(∂ja) = −ıxjΦx(a), j = 1, d

For a generic element

a =
∑
x∈Zd

axux → ∂ja = −ı
∑
x∈Zd

xj ax ux

Integration:

T (a) =

∫
Ω

P(dω) tr
{

Φ0(a)
}
, T (a) =

∫
Ω

dP(ω) tr{a0(ω)}

The trace T over Ad is continuous, normalized and T (∂ja) = 0.
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The Algebraic Formulation Non-commutative calculus

I Chern Numbers (Bellissard et al, JMP 1994, EP et al 2013, EP et al 2014):

Ceven(p) = Λd

∑
σ∈Sd

(−1)σT
(
p

d∏
i=1

∂σip
)
, Codd(u) = Λd

∑
σ∈Sd

(−1)σT
( d∏
i=1

u∗∂σiu
)

I Finite-Temperature Kubo-formula (Schulz-Baldes & Bellissard in 1990’s):

σij = −T
(
(∂ih) ∗ (Γ + Lh)−1∂jΦFD(h)

)
.

I Electric polarization (Schulz-Baldes and Teufel in Comm. Math. Phys. 2012):

∆P =

∫ T

0

dt T (p(t)[∂tp(t),∇p(t)])

I Orbital magnetization (Schulz-Baldes and Teufel in Comm. Math. Phys. 2012):

Mj =
i

2
T (|h − εF |[∂j+1p, ∂j+2p])

I Magneto-Electric Response in d = 3 (Leung and EP in J. Phys. A 2013):

∆α = 1
2

∫
dt

∑
σ∈S4

(−1)σT
(
p

4∏
i=1

∂σip
)
, (4-th direction = time)
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The Algebraic Formulation Non-commutative calculus

My Goals for Today

Devise Explicit Numerical Algorithms for the Following Program:

Given a Hamiltonian h ∈ Ad , compute correlation functions of the type:

T (∂α1G1(h) ∂α2G2(h) . . .)

where G ’s are:

1 Smooth functions.

2 Piece-wise smooth, with singularities in Anderson localized spectrum.

Remark:

The principles have been announced in E.P., Appl. Math. Express (2013), where
also the error estimates were derived explicitly for the disordered Hofstadter
model.
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Key algebraic structures

Part 4: Key algebraic structures
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Key algebraic structures Smooth Sub-Algebra

The smooth sub-algebra

Let C n(Ad) be the linear subspace spanned by those elements a ∈ Ad for which
ρλ(a) is n-times differentiable of λ. Then space of infinitely differentiable elements

A∞d = C∞(Ad) =
⋂
n≥1

C n(Ad) ,

when endowed with the topology induced by the semi-norms:

‖a‖α = ‖∂αa‖ , ∂α = ∂α1
1 · · · ∂αd

d , α = (α1, . . . αd) ,

becomes a dense Fréchet sub-algebra of Ad , which is stable under the functional
calculus with smooth functions.

Proposition

If a ∈ A∞d , then its Fourier coefficients have a fast decay property:

xα‖ax‖CN (Ω) ≤ ‖∂αa‖ ≤ ∞, xα = xα1 . . . xαd .
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Key algebraic structures The Periodic Approximating Algebra

The Space of Periodic Disorder Configurations

Ω̃ = {ω ∈ Ω | τ 2L+1
j ω = ω}, τ̃a = τa|Ω̃, d P̃(ω̃) =

∏
x∈VL

d ω̃x .

Proposition

Let q̃ : Ω→ Ω̃ ⊂ Ω with q̃ω = ω̃ the unique ω̃ ∈ Ω̃ such that ω̃x = ωx for all
x ∈ VL. Then:

1 The map q̃ is continuous, onto and idempotent, q̃2 = q̃;

2 It induces the imbedding: i : CN(Ω̃) ↪→ CN(Ω), i(f̃ ) = f̃ ◦ q̃
3 Let p̃ be the epimorphism of C∗-algebras:

p̃ : CN(Ω)→ CN(Ω̃) ,
(
p̃(f )

)
(ω̃) = f (ω̃) .

Then: p̃ ◦ i = idCN (Ω̃) , (i ◦ p̃)f = f ◦ q̃.

4 The following identity holds:
∫

Ω
dP(ω) tr

{(
i(f̃ )
)
(ω)
}

=
∫

Ω̃
d P̃(ω̃) tr{f̃ (ω̃)}.
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Key algebraic structures The Periodic Approximating Algebra

The Periodic Approximating Algebra Ãd

Definition:

Ãd = C∗
(
CN(Ω̃), u1, · · · , ud

)
,

with same commutation relations as before.

Definition:

The non-commutative manifold (Ãd , ∂̃, T̃ ) is defined virtually the same way.

Proposition:

p̃ : Ad → Ãd ,
∑
x∈Zd

axux →
∑
x∈Zd

ãxux , ãx = p̃(ax) = ax |Ω̃ .

is an epimorphism of C∗-algebras.

Emil Prodan (Yeshiva University) Anderson Transition EMS-IAMP, July 11-15, 2016 24 / 53



Key algebraic structures The Finite Volume Approximating Algebra

The Space of Finite-Volume Disorder Configurations

0 -
(
(2L + 1)Z

)d i- Zd
ev-
�

s
Ẑd =

(
Z
/

(2L + 1)Z
)d - 0 .

1 x̂ denotes the class in Ẑd of x ∈ Zd

2 The splitting map s, which is not unique, is fixed to s(x̂) = y where y is the
unique point in VL such that ŷ = x̂ .

Definition: The space of disorder configurations at finite volume

Ω̂ =
∏
x̂∈Ẑd

Ω0, τ̂y (ω̂) = τ̂y{ω̂x̂}x̂∈Ẑd = {ω̂x̂−y}x̂∈Ẑd , d P̂(ω̂) =
∏
x̂∈Ẑd

d ω̂x̂ .

Proposition:

There exists an isomorphisms of dynamical systems

(Ω̃, τ̃ ,Zd , d P̃) ' (Ω̂, τ̂ ,Zd , d P̂), ω̃ = {ω̃x}x∈Zd → q̂ω̃ ∈ Ω̂, (q̂ω̃)x̂ = ω̃s(x̂).
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Key algebraic structures The Finite Volume Approximating Algebra

The Finite Approximating Algebra

Definition:

Âd = C∗
(
CN(Ω̂), û1, · · · , ûd

)
,

with same commutation relations but the additional constraint:

(ũj)
2L+1 = 1, j = 1, . . . , d .

The algebra is well defined only if φij = 2π
2L+1 × integer, since(

ûi ûj û
∗
i

)2L+1
= eı(2L+1)φij (ûj)

2L+1.

Proposition:

p̂ : Ãd → Âd , p̂(uj) = ûj , p̂(f̃ ) = f̃ ◦ q̂−1 ,

is a ∗-epimorphism of C∗-algebras.
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Key algebraic structures The Finite Volume Approximating Algebra

Approximate Non-Commutative Calculus:

For generic â =
∑

x∈VL
âx ûx :

∂̂j â = −ı
∑
x∈VL

xj âx ûx , T̂ (â) =

∫
Ω̂

d P̂(ω̂) â0(ω̂).

Under the canonical representations:

π̂ω̂(∂̂j â) =
∑

λ2L+1=1

cλ λ
X̂ π̂ω̂(â)λ−X̂ , cλ =

{
λL

1−λ , λ 6= 1,

0, λ = 1.

T̂ (â) =

∫
Ω̂

d P̂(ω̂) 〈0|π̂ω̂(â)|0〉 =
1

|VL|
∑
x∈VL

∫
Ω̂

d P̂(ω̃) 〈x |π̂ω̂(â)|x〉 .

At this point we found the optimal replacement:

ı[Aω,Xj ]→
∑

λ2L+1=1

cλ λ
X̂ Âω̂λ

−X̂ , Aω = πω(a), Âω̂ = π̂ω̂
(
p̂ ◦ p̃(a)

)
This is the foundation for our finite-volume algorithm.
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Key algebraic structures The Finite Volume Approximating Algebra

Fast Convergence to TD-Limit

Assumptions:

a1. The Hamiltonian h belongs to the smooth algebra A∞d .

a2. For any K ∈ N, the Fourier coefficients of the Hamiltonian satisfy:

‖hx(ω)− hx(ω′)‖ ≤ AK

(1 + |VM |)K
, 0 < AK <∞ , (1)

whenever ωx = ω′x for x ∈ VM , M ∈ N.

Theorem:

Let h ∈ Ad satisfying a1-a2. Define ĥ ∈ Âd as ĥ = (p̂ ◦ p̃)(h). Then, for any
K ∈ N, K ≥ 2, there exists the finite positive constant AK such that:∣∣∣T (∂α1G1(h) . . . ∂αnGn(h)

)
− T̂

(
∂̂α1G1(ĥ) . . . ∂̂αnGn(ĥ)

)∣∣∣ ≤ AK

(1 + |VL|)K
,

where Gi ’s are smooth functions on the spectrum of h.
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Applications The Integer Quantum Hall Effect

IQHE: A Crash Course

Q Transitions: Simulation and Experiment

Classical IQHE: Generalities

786 D. R. Yennie: integral quantum Hall effect for nonspecialists

250 Io
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I00—

50—

4 5
MAGNETiC FIELD (T)

g 0.02 pp~

ics that produces this behavior. Where relevant, other
features of the experimental phenomenology are described
below as we proceed.
The quasi-two-dimensional layer in which the Hall ef-

fect takes place is an inversion layer at a semiconductor
interface. There are two principal types of devices. One
is known as a silicon MOSFET (metal-oxide-
semiconductor field-effect transistor). In this device, the
inversion layer is produced by applying a gate voltage
(10—50 V) across a thin SiOz layer which is attached to a
Si substrate. The system acts somewhat like a capacitor

with the inversion layer being one of the plates. The car-
rier density in the layer is varied by changing the gate
voltage. The other type is called a GaAs-Al Ga~ As
heterostructure device. This type has a "fixed" carrier
density, so it is the magnetic field that is varied to observe
the quantum Hall effect. Actually, there are nearby
donors permitting the carrier density to vary somewhat,
so the carrier density is not absolutely fixed. We need not
say much more about the detailed nature of these devices
(if that were necessary, it would be hard to conceive how
they could achieve such accuracy) except to remark that
they need not be very pure. They can have impurities,
disorder, geometrical irregularities, spatially varying layer
thickness, etc., without disturbing the effect. In fact, it is
generally accepted that impurities which produce local-
ized states play an important role in making possible the
plateau that is observed. Later on, I shall argue that the
situation is actually a little more subtle in that there could
probably be a plateau without impurities were it not for
the fractional quantum Hall effect. The impurities prob-
ably inhibit that effect, making possible the observation of
the integral effect.
Actual samples have great variations. in composition

and geometry. One of the desirable properties of a sample
to be used for precision measurements is that it have a
small effective electron mass. This makes it possible to
achieve the condition for quantization with a smaller
magnet. Another is that it have a large zero-field mobili-
ty, for example 100000 cm /Vsec. The mobility is a
measure of how easy it is for the electrons to move
through the sample without suffering collisions. To see
the fractional quantum Hall effect, still higher mobilities
are required. The best precision is produced when the
minimum value of the longitudinal resistance at the
center of a plateau is as small as possible.

5.7
I

5.8
MAGNETIC FIELD (T)

I

6.0

FIG. 1. Schematic of the physical arrangement and examples
of results of quantum Hall measurements. (a) Example from
Cage et aI. (1985) showing results for a GaAs-A1GaAs hetero-
structure device cooled to 1.2 K. The inset shows the geometri-
cal arrangement of the sample in the plane of the layer. The
nominal @umber of electrons per cm is 5.6)&10". A strong
magnetic field is applied perpendicular to the plane shown. The
source-drain current I of 25.5 pA Aows longitudinally (vertical-
ly in the figure) through the sample, and the Hall voltage V~ is
measured across it. A voltage drop V„along the direction of
current flow is also measured. The plots show V~ and V vs B.
The Hall resistance R~ is given by VB/I. This type of plot is
remarkable in that it extends from the classical Hall region,
where RH is linear in 8, into the quantum Hall region where
the plateaus are seen. The numbers on the plateaux' correspond
to the filling factors at their centers. (b) Example from Cage
et al. (1985) showing the experimental precision presently at-
tainable; data is for the 6453.20 Q (i =4) plateau for the sample
under the same conditions as in (a). At the present time, experi-
mental determination of e /h is limited by the problems of
comparing with a resistance standard rather than with the accu-
racy of rneasurernent on the sample.

A. Semiclassical discussion of the integral
quantum Hall effect

The present aim is to explore qualitatively some of the
microscopic features of the integral quantum Hall effect.
Therefore, for purposes of exposition, we start with a re-
view of the semiclassical treatment, which is more intui-
tive and more compact than the quantum-mechanical
treatment to be given later. A particularly nice discussion
of these ideas, which we generalize slightly, is given by
Trugman (1983). We assume that the temperature is low
enough so that thermal excitations can be ignored except
where explicitly mentioned. The discussion of this section
centers on the behavior of the single-particle energy eigen-
functions in the self-consistent potential and ignores the
effects of the residual interactions. As usual, we imagine
that the electron dynamics normal to the thin layer is
frozen into the lowest quantum state and we study the re-
sulting two-dimensional motion.
What must be accepted from quantum mechanics is

that the number of available states per unit area in the

Rev. Mod. Phys. , Vol. 59, No. 3, Part l, July 1987

Klitzing et al (1980) Cage et al. (1985)

Columbia 2013 Emil Prodan Page2
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Applications The Integer Quantum Hall Effect

IQHE: The Plateau-Plateau Transition

PHYSICAL REVIE% B VOLUME 33, NUMBER 2 15 JANUARY 1985

Localization and scaling in the quantum Hall regime

H. P. Wei and D. C. Tsui
Department ofEiectricai Engineering and Computer ScienceP, rinceton University, Princeton, New Jersey 08544
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A new experimental study of the quantum Hall effect is presented. Detailed measurements are made of
the temperature and magnetic field dependences in the electronic transport coefficients, cr~ and o.~, in
In„Gai „As-InP heterostructures for the n -0 and 1 Landau levels. The results are studied in the context
of the (two-parameter) renormalization-group theory of the integral quantum Hall effect.

The concept of scaling has provided an important frame-
work in recent years to understand the nature of quantum
transport in impure metals. The discovery of weak localiza-
tion, ' followed by its field-theoretic interpretation, has es-
tablished a variety of universality classes in the metal-
insulator problem and, furthermore, the unique role of
dimensionality a=2 as a lower critical dimension. The
quantum Hall effect~' (QHE) exhibits the richest and most
complex manifestation of scaling behavior in two-
dimensional (2D) electronic transport problems. 6 " Recent
theoretical work6 has predicted a two-parameter scaling of
the integral QHE (IQHE), which means that both the dissi-
pative conductance 0- and the Ha11 conductance 0-~ vary
with length scale L This theory results from a field-
theoretic representation of the problem of localization in a
magnetic field 8 in terms of a nonlinear o model in the
presence of the so-called 8 term, a topological issue which
originally arose in quantum chromodynamics several years
ago.9' We believe that an experimental observation of this
scaling behavior will provide a test of the localization theory
and also a possible experimental realization of the field-
theoretic concept of 8 vacuum.
In this paper we report the first experimental study of

scaling in the IQHE, in the context of the theory of Ref. 6.
We first recapitulate some of the essential points in the
theory. Recall that the renormalization-group parameters,
o and o~, are dimensionless numbers measuring the con-
ductance in units of e2/h and defined for a length scale L.
The effect of the renormalization-group functions, do.„„/
d lnL =P„„(o,o~), is illustrated by the flow lines in the
inset of Fig. 1. The fact that the flow lines are directed to-
ward the fixed points (o. , o~) = (O, n) means that any ini-
tial set of system parameters (o. , o-~) will renormalize to
the quantized values (O, n) after successive length-scale
transformations. In addition to these "localization fixed
points, "which describe localized wave functions of the elec-
trons near the Fermi energy EF, there are intermediatc-
coupling fixed points denoted by S on cr~ = n+ Y. Thc
latter describe the singular behavior in the renormalizcd
transport coefficients, corresponding microscopically to the
occurrence of a diverging localization length. These "delo-
calization" fixed points are associated with the extended
states at EF. An important aspect of the theory is the iden-
tification of the starting point (o,a~) for scaling, which
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FKJ. 1. Transport coefficients, p~ and p~, as a function of 8 at
several T. The inset is a renormalization-group flow diagram show-
ing two-parameter scaling of the integral quantum Hall effect for the
n 0 and n-1 Landau levels. Here, a~ and o~ are in units of
e2/h. The dot-dashed curves are the loci of (o o, o~o) calculated
from SCBA for short-ranged scatterers of completely unresolved
spin splitting (upper curve) and completely resolved spin splitting
(lower curve).

contains the microscopics of the system, such as the details
of the impurity potential and the information on the elec-
tron spin. Generally speaking, these parameters have a
meaning in terms of the kinetic theory (Boltzmann equa-
tion), and the length scale in the problem is set by the
length over which the wave functions lose phase coherence.
They can be obthined microscopically from the self-
consistent Born approximation (SCBA).'2 The dot-dashed
lines indicate the loci of (os, a~a) calculated from the
SCBA for short-ranged scatterers in the strong-8 limit,
which is of interest to us. We have considered the effective
g factor as an adjustable parameter and given the results for
completely resolved as well as completely unresolved spin
splitting of the Landau levels.
We next mention that the theory contains the characteris-

tic aspects of "weak" and "strong" localization, which are
well recognized in experiments on the IQHE, as limiting ex-
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FIG. 2. (a) Experimental o~(T) and o~(T) plotted as T-driven
flow Uncs from T-50 to 1.5 K. Each line corresponds to a fixed 8.
The dashed lines are from 50 to 4.2 K and the solid lines from 4.2
to 1.5 K. (b) Tdriven flow lines of o~a(T) and o~o(T), calculated
for the spin-resolved n -0, i Landau level using Eq. (1).
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FIG. 3. Experimental a.~(T) and o-~(T) plotted as T-driven
Aow lines from T-10 to 0.5 K. The dashed lines are from 10 to
4.2 K and the solid lines from 4.2 to 0.5 K.

amples. Notice hereto that the maximum of 0- varies
linearly with the Landau-level index within the SCBA. The
regime o c &1 is "quasimetallic" in the usual sense of 2D
localization; i.e., the functional dependence of the localiza-
tion length g can be obtained from the weak-localization

{@acro )2result and is ('—e' ~'. This extremely strong depen-
dence on ihe classical conductance becomes effective near
the center of higher-index Landau levels and causes the lo-
calization length to exceed the sample size. In this situa-
tion, localization effects are completely suppressed and the
experimentally observed log T variation in cr close to the
center of the higher-index Landau levels may be explained
as due to interaction effects. ' ' On the other hand, the
loci of the "starting points" for scaling, which are close to
the "localization" fixed points (O, n), correspond to the
Landau-level band tails. Via scaling, these points represent
strongly localized states near EF (g will be on the order of
the magnetic length, —100 A, which for all practical pur-
poses can be considered as microscopic). At sufficiently low
T, 0- is known to show variable-range-hopping

or is-is typical for 20 localized wave functions is F
nally, the intermediate regime 0 & o 1 is the regime of
actual interest. Although the theory is developed for T=O
and the length-scale transformations are, in principle, ac-
complished by varying the sample size, in practice, ho~ever,
the experiment is carried out at finite T and the effective
sample size is varied by varying T, At present there is no
microscopic theory on inelastic scattering and our translation
of length scale L into T is purely conceptual. '
Our experiment was carried out on an In„Gai „As-InP

heierojunction' with a 20 electron density n-3.4X10"
cm 2, a mobility p, =35000 cm2/Vs and an effective mass
m'= 0.047m. The magnetoresistance coefficients p and
p~ were measured on a Hall bridge, using an ac lock-in
technique at 34 Hz and a current of 10 A, in the T range
between 50 and 0.5 K and for 8 up to 10 T. The tempera-
ture was measured and controlled, respectively, by a cali-
brated carbon glass resistor and a capacitance sensor, which
are insensitive to the magnetic field. Within a given run,
the data are reproducible to better than 4%.
In Fig. 1 we show the characteristic features of the IQHE

in p and p~ as a function of 8, measured at several tem-
peratures. The T dependence of the data predominantly
sho~s up as an increase in the p~ plateaus and a narrowing
of the p peaks with decreasing T. The quantized plateaus,
given by p~ = It/ie2, are developed around B= 6.7 and 3.3
T for I =2 and 4, respectively. The former plateau corre-
sponds to EF being in the band tails of the n=l and
n=0, J Landau levels; the latter the n =1 and 2 Landau
levels. The absence of the i =3 plateau indicates that spin
splitting, although resolved for the n=0 Landau level at
higher 8—14 T,2' is not resolved for the n = 1 Landau lev-
el. The quantum oscillations observed for 8 & 4 T corre-
spond to EF in the n ~ 2 Landau levels. The peak value of
a- from these oscillations is known to follow the log T vari-
ation due to interaction effects. '5'6 For the reasons dis-
cussed above, we have restricted ourselves to detailed mea-
surements on the n =1 and the n =0, J Landau levels in
the B range from 4 to 10 T (covering a~= 1-4). In order
to facilitate direct comparison with the renormalization-
group flow diagram, we have converted, for a given 8, the
measured p (T) and p~(T) into o. (T) and o~(T) The.
results are plotted as the T-driven flow lines, shown in Figs.
2(a) and 3.

Critical Behavior
(κ = p

2ν , Γ = 1/τrelaxation ∼ T p):

ρ(EF ,T ) = F
((

EF − Ec

)(
T
T0

)−κ)
Λ(EF ) ∼ α0

(EF − Ec)ν

Remark:

This scale-invariant behavior is
observed only at T ’s which are low
enough. When this happens, one
says that the system entered the
quantum critical regime.
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Applications The Integer Quantum Hall Effect

The single-parameter scaling paradigm

Characteristics (T = 0):

I Diverging behavior of the localization length: ξ ∼ |EF − E c
F |−ν .

I All physical quantities, measured on finite sample of size L, become functions
of one parameter: ξ/L, near the transition.

In experiments:

- one varies the temperature and L is practically ∞.
- L is replaced by the Thouless coherence length:

Leff(T ) ∼ √τrelax, where the relaxation time τrelax ∼ T−p.

As a consequence, once T is low enough to enter the critical regime:

ρ(EF ,T ) = F

(
(EF − E c

F )
( T

T0

)−κ)
, κ = p/2ν
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Applications The Integer Quantum Hall Effect

Experimental principles for evaluating κ and p (Tsui et al, PRL 2009)

regime of PPT has yet to be reached and the obtained
nonuniversal ! value at most represents a cross-over
behavior.

A recent work focusing on alloy disorder in a
AlxGa1!xAs=Al0:32Ga0:68As heterostructure [16,17] has
brought new insight on this problem. In comparison with
the ionized impurity disorder, the alloy disorder in the
2DES (residing in AlxGa1!xAs) is short in range (only
over a distance of GaAs lattice constant, 0.56 nm) and
strong in amplitude (with the amplitude of alloy potential
fluctuation "1:13 eV [16]), when the value of x is small
and falls in the range of 0:65< x < 1:6%. In other words,
the disorder in this sample structure is of the same type of
disorder discussed in [1], thus providing an opportunity to
directly connect the Anderson localization theory with real
experimental systems. Indeed, the universality of PPT is
restored with ! # 0:42$ 0:01 [17].

In this Letter, we carry out an experimental investigation
of the QH plateau-to-plateau transition in one such alloy
disorder dominated sample down to a new low temperature
regime, to 1 mK, in a nuclear demagnetization refrigerator.
A perfect temperature scaling, %dRxy=dB&jBc

/ T!0:42, is

observed through two full decades of temperature from
1.2 K down to 12 mK. Surprisingly, a sharp saturation of
%dRxy=dB&jBc

occurs below 10 mK. By systematically

examining a number of different size specimens, the satu-
ration is identified to be a finite-size effect when the
quantum phase coherence length reaches the sample size
of millimeters at ultralow temperatures. This observation
allows us to determine the temperature exponent of the
inelastic scattering length (p # 2) in our samples, and a
direct measurement of the exponent of localization length
(" # 2:38).

The sample is a modulation doped AlxGa1!xAs=
Al0:32Ga0:68As heterostructure with x # 0:85%. The
2DES density and mobility of electrons are n #
1:2' 1011 cm!2 and # # 8:9' 105 cm2=V s. Several
rectangle-shaped specimens with the ratio of
length=width # 4:5:2:5 were cut from the same wafer,
and the largest one is of size 4:5 mm' 2:5 mm. Our ultra-
low temperature experiment was carried out in a nuclear
demagnetization or dilution refrigerator with a base bath
temperature (Tb) below 1 mK. The same measurement

setup as in Ref. [18] was employed. Standard lock-in
technique was used to measure the longitudinal magneto-
resistance Rxx and the Hall resistance Rxy with a current

excitation of 1 nA and frequency of 5.7 Hz.
We concentrate on the Hall resistance Rxy in this experi-

ment. Data from Rxx are checked at a few temperatures,
and always consistent with the Rxy measurement [17].

Figure 1 shows the Hall resistance in the largest specimen
around the transition from the plateau of filling factor " #
4 to the plateau of filling factor " # 3 (4-3 transition) in a
large temperature range. All the curves cross at one point,
which labels the critical magnetic field Bc # 1:4 T.
The values of %dRxy=dB&jBc

was calculated at differ-

ent temperatures, and plotted vs T on a log-log scale in
Fig. 2(a). The data presented here were taken in three
different cryostats and they fall on top of each other where
they overlap in temperature. In the temperature range
from 1.2 K down to 12 mK, a perfect power-law scaling
%dRxy=dB&jBc

/ T!! with ! # 0:42$ 0:01 is observed.

We emphasize that this is for the first time that the
power-law critical behavior of QH localization-
delocalization transition is observed in two full decades
of temperature. This shows unequivocally that in an
Anderson disordered 2DES the scaling behavior indeed
prevails.
As we lower the temperature below 10 mK,

%dRxy=dB&jBc
is observed to saturate sharply, instead of di-
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FIG. 1 (color online). Hall resistance around the 4-3 transition
at different temperatures. A critical field of Bc # 1:4 T is
observed.
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FIG. 2 (color online). (a) Perfect temperature scaling
%dRxy=dB&jBc

/ T!0:42 of the 4-3 transition over two decades
of temperature between 1.2 K and 12 mK. (b) Saturation of
%dRxy=dB&jBc

at low temperatures. The saturation temperature
Ts # 10 mK is obtained from the cross point between ex-
trapolations of the higher temperature data (black line) and the
lower temperature saturated data (horizontal dotted line).
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regime of PPT has yet to be reached and the obtained
nonuniversal ! value at most represents a cross-over
behavior.

A recent work focusing on alloy disorder in a
AlxGa1!xAs=Al0:32Ga0:68As heterostructure [16,17] has
brought new insight on this problem. In comparison with
the ionized impurity disorder, the alloy disorder in the
2DES (residing in AlxGa1!xAs) is short in range (only
over a distance of GaAs lattice constant, 0.56 nm) and
strong in amplitude (with the amplitude of alloy potential
fluctuation "1:13 eV [16]), when the value of x is small
and falls in the range of 0:65< x < 1:6%. In other words,
the disorder in this sample structure is of the same type of
disorder discussed in [1], thus providing an opportunity to
directly connect the Anderson localization theory with real
experimental systems. Indeed, the universality of PPT is
restored with ! # 0:42$ 0:01 [17].

In this Letter, we carry out an experimental investigation
of the QH plateau-to-plateau transition in one such alloy
disorder dominated sample down to a new low temperature
regime, to 1 mK, in a nuclear demagnetization refrigerator.
A perfect temperature scaling, %dRxy=dB&jBc
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observed through two full decades of temperature from
1.2 K down to 12 mK. Surprisingly, a sharp saturation of
%dRxy=dB&jBc

occurs below 10 mK. By systematically

examining a number of different size specimens, the satu-
ration is identified to be a finite-size effect when the
quantum phase coherence length reaches the sample size
of millimeters at ultralow temperatures. This observation
allows us to determine the temperature exponent of the
inelastic scattering length (p # 2) in our samples, and a
direct measurement of the exponent of localization length
(" # 2:38).

The sample is a modulation doped AlxGa1!xAs=
Al0:32Ga0:68As heterostructure with x # 0:85%. The
2DES density and mobility of electrons are n #
1:2' 1011 cm!2 and # # 8:9' 105 cm2=V s. Several
rectangle-shaped specimens with the ratio of
length=width # 4:5:2:5 were cut from the same wafer,
and the largest one is of size 4:5 mm' 2:5 mm. Our ultra-
low temperature experiment was carried out in a nuclear
demagnetization or dilution refrigerator with a base bath
temperature (Tb) below 1 mK. The same measurement

setup as in Ref. [18] was employed. Standard lock-in
technique was used to measure the longitudinal magneto-
resistance Rxx and the Hall resistance Rxy with a current

excitation of 1 nA and frequency of 5.7 Hz.
We concentrate on the Hall resistance Rxy in this experi-

ment. Data from Rxx are checked at a few temperatures,
and always consistent with the Rxy measurement [17].

Figure 1 shows the Hall resistance in the largest specimen
around the transition from the plateau of filling factor " #
4 to the plateau of filling factor " # 3 (4-3 transition) in a
large temperature range. All the curves cross at one point,
which labels the critical magnetic field Bc # 1:4 T.
The values of %dRxy=dB&jBc

was calculated at differ-

ent temperatures, and plotted vs T on a log-log scale in
Fig. 2(a). The data presented here were taken in three
different cryostats and they fall on top of each other where
they overlap in temperature. In the temperature range
from 1.2 K down to 12 mK, a perfect power-law scaling
%dRxy=dB&jBc

/ T!! with ! # 0:42$ 0:01 is observed.

We emphasize that this is for the first time that the
power-law critical behavior of QH localization-
delocalization transition is observed in two full decades
of temperature. This shows unequivocally that in an
Anderson disordered 2DES the scaling behavior indeed
prevails.
As we lower the temperature below 10 mK,

%dRxy=dB&jBc
is observed to saturate sharply, instead of di-
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FIG. 1 (color online). Hall resistance around the 4-3 transition
at different temperatures. A critical field of Bc # 1:4 T is
observed.
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FIG. 2 (color online). (a) Perfect temperature scaling
%dRxy=dB&jBc

/ T!0:42 of the 4-3 transition over two decades
of temperature between 1.2 K and 12 mK. (b) Saturation of
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at low temperatures. The saturation temperature
Ts # 10 mK is obtained from the cross point between ex-
trapolations of the higher temperature data (black line) and the
lower temperature saturated data (horizontal dotted line).
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1 Saturation occurs at Leff(T ) ≈ L.

2 By varying the sample-size, one can
effectively map Leff(T ) ∼ T−p and
obtain p.

3 For PPT, one consistently obtain
p = 2 and κ = 0.42 (→ ν = 2.38).

4 New computations predicts
ν = 2.6!!!

verging. The saturation is shown in Fig. 2(b). We note here
that a similar saturation effect has been observed before in
mesoscopic samples of size ranging from 10 !m to 64 !m
and the saturation was interpreted to be due to the finite
size of the sample [19]. To investigate this finite sample
size effect in our measurements, we have fabricated
rectangle-shaped specimens of various sizes to study the
saturation of the temperature scaling. The width of these
specimens ranges from 500 !m down to 100 !m, with the
length-to-width ratio being kept to 4:5:2:5. In these
samples we have observed the same temperature scaling
!dRxy=dB"jBc

/ T#0:42, though for samples of different
sizes the scaling terminates at different temperatures. In
Fig. 3(a), we show the saturation for two samples of
500 !m and 100 !m. It is clearly seen that the saturation
temperature Ts of !dRxy=dB"jBc

is higher in smaller
samples. In Fig. 3(b), we plot the dependence of Ts on
the sample widthW for 5 samples. Within the experimental
uncertainty, Ts is found to be inversely proportional to W.

Before we discuss the significance of Fig. 3(b), we need
to rule out the possibility that the saturation is due to self-
heating of the electrons by the applied excitation current or
by external noise, i.e., the electron temperature Te can not
be cooled below 10 mK. First, we note that a previous
experiment on a high mobility 2DES sample showed that
external noise by itself did not heat the electrons beyond
4 mK when the cryostat was at Tb $ 1 mK [18]. To further
investigate the internal heating due to the excitation cur-
rent, we measured Rxy with different excitations at the base

bath temperature of Tb $ 1 mK. The values of
!dRxy=dB"jBc

with different excitations are displayed in
Fig. 4. It is clearly seen that !dRxy=dB"jBc

is constant for
excitations below 2 nA, while the excitation current ap-
plied in our experiments is 1 nA. We thus infer from the
arguments above that the saturation of !dRxy=dB"jBc

below
10 mK cannot be an effect from electron heating.
Having ruled out self-heating as a cause, we show in the

following that the termination of scaling at low tempera-
tures is due to the finite size of the sample. The temperature
scaling form !dRxy=dB"jBc

/ T#" is obtained by the finite-
size scaling theory [9,10]. In this theory, the transport
properties are determined by the ratio between the local-
ization length # / jB# Bcj#$ and the effective sample
size which is the quantum phase coherence length L%.
However, as the temperature approaches zero, L% diverges

following L% / T#p=2 and can be larger than the length (or
width, whichever is smaller) of the sample. Under this
condition, the actual sample size (in our experiment the
width of sample W) becomes a ‘‘hard’’ limit for L% and
will terminate the temperature scaling.
The observed strong size dependence of Ts in Fig. 3(b)

demonstrates that the saturation is indeed a finite-size
effect. At discussed above, the saturation is reached when
L% reaches the actual sample width W at Ts. Thus, this
Ts / W#1 dependence implies that L% is inversely propor-
tional to temperature. From this 1=T dependence, the
temperature exponent of inelastic scattering length p $ 2
is obtained [20,21]. Now, with p and " measured directly
in our experiment, it is possible to determine the value of
the exponent of the localization length $ $ 2:38. This
value is consistent with various numerical calculations of
$% 2:4. We note here that this is the first experiment in
which universal values of both " and $ are determined in a
high mobility 2DES, and that the dynamic frequency scal-
ing exponent obtained from " $ 1=$z is z $ 1, in good
agreement with previous microwave conductivity mea-
surements [20].
The millimeter length scale of L% at low temperatures is

rather surprising, and a L% of this macroscopic length scale
has never been reported. In the literature, L% is expected to
be large only along the sample edge due to the suppression
of electron-electron scattering in the QH edge channels
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Critical regime in graphene (Giesbers et al, PRB 2009)

A look at the first and second (electron and hole) Landau bands:

Scaling of the quantum Hall plateau-plateau transition in graphene

A. J. M. Giesbers,1 U. Zeitler,1,* L. A. Ponomarenko,2 R. Yang,2 K. S. Novoselov,2 A. K. Geim,2 and J. C. Maan1

1High Field Magnet Laboratory, Institute for Molecules and Materials, Radboud University Nijmegen, Toernooiveld 7,
6525 ED Nijmegen, The Netherlands

2Department of Physics and Astronomy, University of Manchester, M13 9PL Manchester, United Kingdom
!Received 4 August 2009; revised manuscript received 25 November 2009; published 16 December 2009"

We show that the width of the longitudinal magnetoconductivity peaks in graphene related to the N=1
Landau level displays a power-law type temperature dependence, !"#T$, with $=0.37%0.05. Similarly, the
derivative of the Hall conductivity at the plateau transition, !d&xy /d"", scales as T!$ with $=0.41%0.04 for
both the first and second Landau levels of electrons and holes. These results confirm the universality of a
critical quantum Hall scaling in the higher Landau levels of graphene. In the zeroth Landau level, however, !"
and d&xy /d" are essentially temperature independent, pointing toward a different type of scaling that is
possibly governed by a temperature independent intrinsic length.

DOI: 10.1103/PhysRevB.80.241411 PACS number!s": 73.43.'f, 72.20.My, 71.30.(h

The integer quantum Hall effect in two-dimensional elec-
tron systems !2DESs" is caused by localized states in the
tails of individual Landau levels which give rise to quantized
plateaus in the Hall resistance. The states in the center of the
Landau levels are extended; their wave functions are delo-
calized. Their delocalization is governed by a localization
length, which decays exponentially away from the Landau
level centers1,2 with a universal critical scaling exponent re-
lated to this decay.3

In this Rapid Communication we investigate the scaling
behavior of the quantum Hall plateau-plateau transitions in
the recently discovered new type of 2DES, graphene.4,5

When changing the carrier concentration n at a constant
field, the peak width of the longitudinal conductivity for
higher Landau levels !#N#)1" and the inverse slope of the
Hall conductivity scale as T$. Our experimentally measured
scaling exponent $=0.40%0.02 is consistent with universal
scaling theory.1–3,6–8 The transition through the zeroth Lan-
dau level, however, shows no clear scaling behavior which
we explain by a different scaling mechanism governed by a
temperature independent intrinsic length scale.

Our sample was made by micromechanical exfoliation of
natural graphite and subsequently contacted by gold contacts
and patterned into a 1-*m-wide Hall bar by electron-beam
lithography and reactive plasma etching.9 The structure was
deposited on a 300 nm Si /SiO2 substrate thereby forming a
graphene ambipolar field effect transistor. Prior to the mea-
surements the sample was annealed at 400 K, placing its
charge neutrality point !CNP" at zero gate voltage with a
mobility of *=1.0 m2 !V s"!1.

In a magnetic field the density of states !DOS" in
graphene splits up into nonequidistant Landau levels,4,5,10,11

EN = % $2e+vF
2B#N# !1"

!see inset of Fig. 1". N=0, %1, %2, . . . identifies the fourfold
degenerate Landau levels of electrons and holes. This Lan-
dau level spectrum leads to the half-integer quantum plateaus
&xy =4!N+1 /2"ie2 /h accompanied by zero minima in the
longitudinal conductivity &xx !Fig. 1". Around the centers of
the Landau levels the states are extended and the Hall con-

ductivity changes to its next plateau, while the longitudinal
conductivity displays a peak.12

The region of delocalized states in the center of a Landau
level can be described by the energy interval where the lo-
calization length ,!E", i.e., the spatial extension of the wave
function, increases beyond some characteristic length,
,!E"-L, and states remain localized when ,!E" remains be-
low L. According to scaling theory the localization length
,!E" follows a power-law behavior1,2 as a function of energy,

,!E" = ,0#E ! Ec#!.. !2"

Ec is the energy of a Landau level center and .%2.3 is the
critical exponent.

To probe this delocalization we have to translate the ab-
stract dependence of ,!E" on energy to measurable quanti-
ties. In a first approximation, we assume a constant DOS
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FIG. 1. !Color online" Longitudinal conductivity &xx and Hall
conductivity &xy as a function of concentration n !bottom axis" and
voltage V !top axis" at B=20 T for different temperatures. The
conductivities were calculated by tensor inversion from the mea-
sured symmetrized resistivities for both magnetic field orientations.
The inset shows the Landau level spectrum in graphene with the
dashed regions indicating the localized states between two Landau
levels.
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close to Ec.13 In this case the energy in Eq. !2" is directly
proportional to the measurable filling factor, !=nh /eB.

At finite temperatures the characteristic length L is deter-
mined by the inelastic scattering rate, Lin"T!p/2, with p as
the inelastic scattering exponent. We can directly relate this
temperature dependent quantity to the scaling of the localiza-
tion length, and Eq. !2" yields #!!!c#"Tp/2#, with !c as the
Landau level center and ! as its localization edge. This scal-
ing behavior has therefore a direct relation to the quantum
Hall transitions measured in the magnetoconductivity at fi-
nite temperatures through the quantities !d$xy /d!"max and
%!.1,2 The width %! is defined as the distance between two
extrema in the derivative d$xx /d!, one on each side of a
conductivity peak of a particular Landau level in Fig. 1, and
!d$xy /d!"max is the maximum in the derivative of $xy. Both
quantities show a power-law behavior %!"T& and
!d$xy /d!"max"T!& with the critical exponents & and # re-
lated according to &= p /2#. Though an exact value for p
cannot be determined from our data, p=2 is commonly used
for two-dimensional systems governed by short range
scattering,6,14,15 which is indeed expected in our type of
graphene sample.11,16–18

Since the higher Landau levels in graphene have been
shown to behave similarly to traditional 2DESs,19 they are a
good starting point for scaling measurements. The width %!
and derivative !d$xy /d!"max as a function of temperature for
the first and second electron and hole Landau levels are
shown in Fig. 2 at fixed magnetic fields between 5 and 30 T.
The temperature dependence of the transition widths %! for
the first electron and hole levels at magnetic fields between
10 and 30 T indeed display a power-law behavior following
%!"T&. The scaling exponents extracted from these data,
&=0.37'0.05 for holes and &=0.37'0.06 for electrons, are
all identical within the error margins and show no evidence
of a magnetic field dependence. The error is determined by
the scattering of all the individual & values; the statistical
error for each & is smaller. At T(15 K the curves in Fig.
2!a" flatten, which is an indication that the localization length
becomes independent of temperature and becomes domi-
nated by an intrinsic length scale,6 possibly the 1 )m
width of the sample.

Also the scaling behavior of !d$xy /d!"max between the
!= '2 and != '6 plateaus is consistent with these observa-
tions, as shown in Fig. 2!b". For both the N=!1 hole level
and the N=1 electron level the curves show a power-law
behavior with scaling exponents &=0.40'0.03 and
&=0.40'0.04, respectively, for all fields up to B=25 T.

In the high field limit !B=30 T" the data indicate a small
reduction of the scaling exponent. At these high fields the
degeneracy of the Landau levels is partly lifted,20 which
leads to an additional minimum in $xx and a developing pla-
teau in $xy in the center of the Landau levels !!= '4". Due
to the broad Landau levels this splitting remains obscured in
$xx and $xy. However, their derivatives at the center Landau
level positions are much more sensitive to the onset of this
splitting, which makes it difficult to extract reliable scaling
data at the highest magnetic field.

All curves for !d$xy /d!"max!T" start to flatten off at low
temperatures, similar to what is observed in the width $see
Fig. 2!b"%. This confirms that an intrinsic length apparently
starts to dominate the localization length below T=15 K.

Figure 2!c" shows !d$xy /d!"max for the second hole and
electron Landau levels. Despite of the limited temperature
range it does show a power-law behavior with scaling expo-
nents of &=0.40'0.03 and &=0.41'0.03 for holes and
electrons, respectively. The width at the second Landau level
is no longer clearly distinguishable and therefore no data
could be obtained on the scaling behavior of these levels
from this technique.

When we assume the temperature exponent of the inelas-
tic scattering length to be p=2, we obtain by the relation
&= p /2# a critical exponent #=2.5'0.2 for all the higher
Landau levels combined. This value is in good agreement
with the universal value #=2.39'0.1 showing that localiza-
tion of the higher Landau levels in graphene follows a simi-
lar scaling behavior as traditional two-dimensional electron
systems.

These results are also consistent with the low temperature
behavior of the conduction in the Landau level tails.13 In
these tails the conductivity decreases with decreasing tem-
perature and disappears when the temperature is lowered to
T=0 !see Fig. 1". When kT is small enough to make the
activation to the mobility edge and excitation across poten-
tial barriers to neighboring states improbable, conduction is
governed by a variable range hopping type of conductivity.
In this regime electrons or holes are able to tunnel between
states within an energy range kT leading to a slightly in-
creased conductivity. The temperature dependence of the
conductivity in this regime is given by21–25

$xx = $0e!&T0/T, !3"

with a temperature dependent prefactor $0"1 /T. The char-
acteristic temperature T0 is determined by the Coulomb en-
ergy and is inversely proportional to the localization length
*!!" at a particular filling factor !,

T0!!" = C
e2

4+,,0kB*!!"
, !4"

with C as a dimensionless constant in the order of unity and
,'2.5 is the effective dielectric constant for graphene on
silicon dioxide.
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FIG. 2. !Color online" !a" %!, distance between two extrema in
the derivative d$xx /d! of the first electron Landau level !solid sym-
bols" and the first hole !open symbols" Landau level for different
magnetic fields. !b" The derivative !d$xy /d!"max as a function of
temperature for the same levels. !c" The derivative !d$xy /d!"max as
a function of temperature for the second electron and hole level.
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A value of κ = 0.37. Assuming p = 2, one obtains ν = 2.5.
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Applications The Integer Quantum Hall Effect

Non-Commutative Kubo Formula

Due to Schulz-Baldes and Bellissard 1990’)

σij(β,EF , Γ) = −T
(
∂ih ∗ (Γ + Lh)−1∂jΦβ(h − EF )

)
,Lh[a] = i [h, a].

QUANTUM TRANSPORT: A STUDY BASED ON OPERATOR ALGEBRAS 39

Table 1: The numerical values of �11 at kT = 1/⌧r = 0.1, W = � = 0 and various Fermi energies, obtained with the
new algorithm for increasing lattice sizes. The last column displays the value of �11 computed with machine precision
via Eq. 294.

EF 80 ⇥ 80 100 ⇥ 100 120 ⇥ 120 140 ⇥ 140 Exact
0.0 4.0339628247 4.0339630615 4.0339630708 4.0339630712 4.0339630712
-0.4 3.9394154619 3.9394154735 3.9394154621 3.9394154624 3.9394154624
-0.8 3.7040304262 3.7040301193 3.7040301310 3.7040301307 3.7040301307
-1.3 3.3684805414 3.3684801617 3.3684801517 3.3684801516 3.3684801516
-1.7 2.9522720814 2.9522713926 2.9522714007 2.9522714009 2.9522714009
-2.2 2.4678006935 2.4678005269 2.4678005093 2.4678005104 2.4678005104
-2.6 1.9239335953 1.9239338070 1.9239338090 1.9239338089 1.9239338089
-3.1 1.3274333126 1.3274333067 1.3274333084 1.3274333085 1.3274333085
-3.5 0.6854442914 0.6854442923 0.6854442923 0.6854442923 0.6854442923
-4.0 0.1086465150 0.1086465150 0.1086465150 0.1086465150 0.1086465150

Table 2: The numerical values of �11 at kT = 1/⌧r = 0.025, W = � = 0 and various Fermi energies, obtained
with the new algorithm for increasing lattice sizes. The last column displays the value of �11 computed with
machine precision via Eq. 294. The numbers in parentheses represent the relative errors, computed as |�11(approx) �
�11(exact)|/�11(exact).

EF 100 ⇥ 100 120 ⇥ 120 140 ⇥ 140 160 ⇥ 160 Exact
0.0 16.204612406 (3.7e-5) 16.204972260 (1.5e-5) 16.205119575 (6.6e-6) 16.205181208 (2.8e-6) 16.205227112
-4/9 15.800901211 (8.2e-5) 15.799191631 (2.5e-5) 15.799439976 (9.7e-6) 15.799694877 (6.3e-6) 15.799593904

-2 ⇥ 4/9 14.845640534 (8.3e-5) 14.847746111 (5.8e-5) 14.846643808 (1.5e-5) 14.846886090 (6.1e-7) 14.846876954
-3 ⇥ 4/9 13.501282967 (1.7e-4) 13.498925093 (1.3e-6) 13.498688837 (1.6e-5) 13.498843113 (4.6e-6) 13.498906270
-4 ⇥ 4/9 11.830160006 (1.1e-5) 11.830983739 (5.8e-5) 11.830916078 (5.2e-5) 11.830155334 (1.1e-5) 11.830294392
-5 ⇥ 4/9 9.8929640489 (3.3e-4) 9.8886679730 (1.0e-4) 9.8899094634 (2.2e-5) 9.8896881580 (4.7e-7) 9.8896834893
-6 ⇥ 4/9 7.7119398206 (2.4e-5) 7.7130531856 (1.1e-4) 7.7127298903 (7.7e-5) 7.7123144240 (2.3e-5) 7.7121326232
-7 ⇥ 4/9 5.3242604491 (2.4e-5) 5.3236541115 (1.3e-4) 5.3241123103 (5.2e-5) 5.3243169737 (1.3e-5) 5.3243912832
-8 ⇥ 4/9 2.7469871332 (2.4e-4) 2.7475442292 (4.0e-5) 2.7476748910 (7.4e-6) 2.7476680440 (4.9e-6) 2.7476545340
-9 ⇥ 4/9 0.1099066152 (2.8e-9) 0.1099066156 (0e-10) 0.1099066156 (0e-10) 0.1099066156 (0e-10) 0.1099066156

Table 3: The numerical values of �11 at kT = 1/⌧r = 0.01, W = � = 0 and various Fermi energies, obtained with
the new algorithm for increasing lattice sizes. The last column displays the value of �11 computed with machine
precision via Eq. 294. The numbers in parentheses represent the relative errors, computed as |�11(approx) �
�11(exact)|/�11(exact).

EF 100 ⇥ 100 120 ⇥ 120 140 ⇥ 140 160 ⇥ 160 Exact
0.0 40.520686410 (1.2e-4) 40.522558677 (7.5e-5) 40.523641888 (4.8e-5) 40.524308038 (3.2e-5) 40.525626855

-1 ⇥ 4/9 39.517833421 (3.3e-4) 39.497150004 (1.9e-4) 39.499629103 (1.2e-4) 39.508996214 (1.0e-4) 39.504691905
-2 ⇥ 4/9 37.110642808 (2.9e-4) 37.138820375 (4.6e-4) 37.114579007 (1.8e-4) 37.120997917 (1.2e-5) 37.121462109
-3 ⇥ 4/9 33.777005514 (7.7e-4) 33.748897618 (5.4e-5) 33.742729517 (2.3e-4) 33.747792038 (8.7e-5) 33.750748672
-4 ⇥ 4/9 29.585203369 (2.1e-4) 29.596597708 (6.0e-4) 29.596944121 (6.1e-4) 29.573808787 (1.6e-4) 29.578697042
-5 ⇥ 4/9 24.787127553 (2.4e-3) 24.713893823 (5.2e-4) 24.729175598 (9.6e-5) 24.724104241 (1.0e-4) 24.726791044
-6 ⇥ 4/9 19.265355553 (8.9e-4) 19.304253858 (1.1e-3) 19.305176839 (1.1e-3) 19.288293494 (2.9e-4) 19.282623910
-7 ⇥ 4/9 13.320411822 (5.5e-4) 13.288432535 (1.8e-3) 13.302525433 (7.8e-4) 13.305757131 (5.4e-4) 13.313040334
-8 ⇥ 4/9 6.8441390250 (3.9e-3) 6.8590106166 (1.7e-3) 6.8736981172 (3.9e-4) 6.8765917049 (8.1e-4) 6.8710107299
-9 ⇥ 4/9 0.1101512994 (2.3e-5) 0.1101540276 (1.7e-6) 0.1101538290 (7.9e-8) 0.1101538378 (0e-10) 0.1101538378

where � was given the small value 0.01. The DOS is plotted as an intensity map in the (✏,�) plane. The plot at W = 0
reproduces the famous Hofstadter butterfly [23]. This can serve as a reminder that the simple Landau level picture
becomes more complicated when a periodic potential is present. The Hofstadter spectrum has a fractal structure with
the patterns seen in the first panel of Fig. 6 repeating over and over when zooming to finer and finer scales. At weak
magnetic fields, and especially towards the edges of the energy spectrum, one can identify well defined Landau bands
(a more careful scrutiny will reveal that these bands are made of many sub-bands). If the Fermi level is somehow
fixed in between these bands, then one expects quantized values of �12 in units of G0. The DOS at W = 2 and W = 3
look like a blurred version of the DOS at W = 0. The blur originates from the impurity states generated inside the
empty spaces between the Landau bands by the disordered potential. Maps of the Hall conductivity are reported in
Figs. 7, 8 and 9 for W = 0, 2, and 3 cases, respectively. These calculations were performed on a 100 ⇥ 100 lattice with
kT = 1/⌧r = 0.01. A single disorder configuration was used, since the fluctuations due to the disorder will not have
any visible e↵ects for the intensity maps of Figs. 6, 7, 8 and 9. The Fermi energy was varied over the entire energy
spectrum, which was sampled at 60 equally spaced points. In all three cases, the maps display regions where �12 takes

σ11 at kT = Γ = 0.1, for a clean 2-dimensional lattice model.
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Applications The Integer Quantum Hall Effect

Disordered Hofstadter Model

Configuration space:

Ω = ×x∈Z2 [− 1
2 ,

1
2 ], Ω 3 ω = {ωx}x∈Z2 .

The Hamiltonian

Ad 3 h = u1 + u∗1 + u2 + u∗2 + λV (ω), V (ω) = ω0.

(a) (b) 

σ 1
2 
= 

0

σ12
 = 

1Φ
12
/Φ
0

(a)

µ µ
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Applications The Integer Quantum Hall Effect

Plateau-Insulator transition in IQHE [Song and E.P., EPL (2014)]
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Applications The Integer Quantum Hall Effect

Current-Current Correlation Function

Definition (Current-Current Correlation Measure):

e2

∫
∆E×∆E ′

dmij(E ,E
′) = lim

V→∞

1

V

∑
(εn,εm)∈∆E×∆E ′

〈ψn|Ji |ψm〉〈ψm|Jj |ψn〉

or, for any continuous Φ,Φ′

e2

~2

∫
R×R

Φ(E ) Φ′(E ′)dmij(E ,E
′) = T

(
∂ih ∗ Φ(h) ∗ ∂jh ∗ Φ′(h)

))
.

Definition (Current-Current Correlation Function):

dmij(E ,E
′) = fij(E ,E

′)dEdE ′, f (E ,E ′) =
1

d

∑
i

fii (E ,E
′).

The CCC-function f (E ,E ′) is assumed to be continuous in both arguments.
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Applications The Integer Quantum Hall Effect

Analysis on Current-Current Correlation Function
[E. P. & J. Bellissard, Ann. Phys. (2016)]

Direct Conductivity:

σ(β,EF , Γ) =
e2

h

∫
R×R

Φβ(E ′ − EF )− Φβ(E − EF )

E − E ′
4πΓf (E ,E ′)

Γ2 + (E − E ′)2
dEdE ′

Localization Length:

Λ2(EF ) =

∫ ∞
−∞

f (EF ,E )dE

(EF − E )2

Asymptotic Behavior Near Critical-Point:

f (E ,E ′) = g

(
E + E ′ − 2Ec

(E − E ′)κ/p

)
, E ,E ′ ∼ Ec
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Applications The Integer Quantum Hall Effect

Numerical Evaluation

Approximate Dirac-Delta function (analytic!):

δε(t) =
1/ε√

2π
e−(t/ε)2/2

Smoothened CCC-function:

fε(E ,E
′) =

∫
R×R

δε(t − E )δε(t − E ′)dm(t, t ′)

fε(E ,E
′) =

~2

e2

1

d

d∑
i=1

T
(
∂ih ∗ δε(h − E ) ∗ ∂ih ∗ δε(h − E ′)

)
Numerical approximate

f̂ε(E ,E
′) =

~2

e2

1

d

d∑
i=1

T̂
(
∂̂i ĥ ∗ δε(ĥ − E ) ∗ ∂̂i ĥ ∗ δε(ĥ − E ′)

)
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Applications The Integer Quantum Hall Effect

Rows correspond to:
N = 40, 80 and 120.

Columns correspond to:

ε = 0.03, 0.02 and 0.01.
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Applications The Integer Quantum Hall Effect

The predicted asymptotic behavior:

(E ,E ′ ∼ Ec )

f (E ,E ′) = g

(
E + E ′ − 2Ec

(E − E ′)κ/p

)
↓

level sets:
E + E ′ − 2Ec

(E − E ′)κ/p
= const

4π
2  g

(t
)

t
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Zero Temperature Theory

Assumptions for T = 0 regime:

c1. The Hamiltonian h ∈ Ad and of the form:

wy (ω) = wy +
∑
α

ωα0 λ
α
y ⇒ Hω =

∑
x,y∈Zd

(
wy +

∑
α

ωαx λ
α
y

)
⊗ |x〉〈x |Uy .

c2. The Hamiltonian has mobility gaps ∆i where the Aizenman-Molchanov
bound holds:∫

Ω

dP(ω) ‖(h − z)x(ω)‖s ≤ As(δ)e−γs (δ)|x| , s ∈ (0, 1), δ > 0 , (2)

uniformly for all z ∈ C \ σ(h) with dist(z , σ(h) \∆i ) ≥ δ.
c3. The Aizenman-Molchanov bound holds uniformly in L for the finite-volumes

approximations.
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Zero Temperature Theory

Fast Convergence to the TD Limit

Theorem:

Assume c1-c3 from above and define ĥ ∈ Âd as ĥ = (p̂ ◦ p̃)(h). Then, for any
K ∈ N, K ≥ 2, there exists the finite positive constant AK such that:∣∣∣T (∂α1G1(h) . . . ∂αnGn(h)

)
− T̂

(
∂̂α1G1(ĥ) . . . ∂̂αnGn(ĥ)

)∣∣∣ ≤ AK

(1 + |VL|)K
,

where Gi ’s are Borel functions that are smooth away from the mobility gaps of h.

Disordered Haldane model (τn = ±1)

Hω =
∑
〈n,m〉

|n〉〈m|+ 0.6ı
∑
〈〈n,m〉〉

τn
(
|n〉〈m| − |m〉〈n|

)
+ λ

∑
n

ωn|n〉〈n|.

on a honeycomb lattice (recall Alessandro’s lecture).
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Zero Temperature Example: Disordered Haldane model

(b) (c) (d)

(e) (f) (g) (h)

(a)

0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1

0.178

0.178

0.178

0.178

0.178

0.178

0.178

0.178
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Zero Temperature Example: Disordered Haldane model

40 x 40

EF EF

EF

60 x 60

EF

80 x 80 100 x 100
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Thursday, September 19, 2013
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Zero Temperature Example: Disordered Haldane model

C
he

rn
 N

um
be

r

C
he

rn
 N

um
be

r

EF EF
The Chern lines overlap almost perfectly after a rescaling of the energy axis

E → Ec + (E − Ec) ∗ (L/L0)ν

(ν = 2.6, in line with the most recent estimates)
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Zero Temperature Example: Disordered Haldane model

Table: Numerical values for average Chern numbers

Energy 40× 40 60× 60 80× 80 100× 100
-2.0000000000000000 0.0293885304649968 0.0183147848896676 0.0134785966919230 0.0055726403061233
-1.8999999999999999 0.0442301583027775 0.0274502505545331 0.0200229343621875 0.0112501012411246
-1.8000000000000000 0.0563736772645283 0.0416811880195335 0.0285382576963500 0.0259995275657507
-1.7000000000000000 0.0868202901241971 0.0612803850743208 0.0506852078002088 0.0377798251819264
-1.6000000000000001 0.1121154018269069 0.0905166860071905 0.0781754600177580 0.0554182299457663
-1.5000000000000000 0.1617580454580226 0.1291516191502659 0.1133966598848624 0.0977984662347778
-1.3999999999999999 0.2093536896403097 0.1883311262238442 0.1733092018533850 0.1386844139850113
-1.3000000000000000 0.2687556358733589 0.2575144956897765 0.2146703753513447 0.2040079233029510
-1.2000000000000000 0.3565352143319771 0.3333569482253110 0.3319133571108642 0.3066419928551302
-1.1000000000000001 0.4646789224167249 0.4444784219466996 0.4310440221933989 0.4427699238861748
-1.0000000000000000 0.5479958396159215 0.5561471440680733 0.5442615536532044 0.5738596277941682
-0.9000000000000000 0.6624275864985472 0.6798953821199148 0.7086514094234754 0.7228749266484203
-0.8000000000000000 0.7742005453064691 0.8124137607528051 0.8270271100278364 0.8487923693232788
-0.7000000000000000 0.8672349391630054 0.9079791895178040 0.9301639459675241 0.9432234611493278
-0.6000000000000000 0.9392873717233425 0.9636994770114942 0.9802652381114992 0.9872940741308633
-0.5000000000000000 0.9784417158133359 0.9935074963179980 0.9974987656403326 0.9988846769813913
-0.4000000000000000 0.9958865415757685 0.9992024708366942 0.9998527876642247 0.9999656328302596
-0.3000000000000000 0.9998184404341747 0.9999824660477071 0.9999988087144891 0.9999996457562911
-0.2000000000000000 0.9999952917010211 0.9999977443008894 0.9999999997655000 0.9999999999862120
-0.1000000000000000 0.9999999046002306 0.9999999998972079 0.9999999999998473 0.9999999999999849
0.0000000000000000 0.9999999963422543 0.9999999999988873 0.9999999999999996 0.9999999999999999
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Zero Temperature Example: Disordered Haldane model

D
is

or
de

r
To

po
lo

gi
ca

l
In

su
la

to
r

(2)

(1)

Fermi Level

Fermi Level Disorder Strength

40x40
60x60
80x80
100x100

40x40
60x60
80x80
100x100

40x40
60x60
80x80
100x100

𝝂 = 2.6

2 4 6 8

20x20
40x40
60x60

20x20
40x40
60x60

Disorder Strength
2 4 6 8

Fermi Level

𝝂 = 4.7

𝝂 = 2.55

(b)

(a)

(d)

(c)
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Zero Temperature 1D Class AIII and BDI

AIII Model:

(Hψ)x = mx σ̂2ψx

+
1

2
tx [(σ̂1 + i σ̂2)ψx+1 + (σ̂1 − i σ̂2)ψx−1]

+
1

2
t ′[(σ̂1 + i σ̂2)ψx+2 + (σ̂1 − i σ̂2)ψx−2],

BDI Model:

(Hψ)x = mx σ̂1ψx

+
1

2
tx [(σ̂1 + i σ̂2)ψx+1 + (σ̂1 − i σ̂2)ψx−1]

+
1

2
t ′[(σ̂1 + i σ̂2)ψx+2 + (σ̂1 − i σ̂2)ψx−2].

The disorder is present in the first-neighbor hopping and in the onsite potential:

tx = t + W1ωx , mx = m + W2ω
′
x , ωx , ω

′
x ∈ [−1

2
,

1

2
].
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Zero Temperature 1D Class AIII and BDI
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Zero Temperature 3D Class AIII

The Model: (Γ’s belong to Cl5)

(Hψ)x =
1

2

3∑
j=1

{
ıΓj(ψx−ej − ψx+ej ) + Γ4(ψx−ej + ψx+ej )

}
+ ıtΓ1Γ3Γ4 + (m + Wωx)Γ4ψx

JUNTAO SONG, CAROLYN FINE, AND EMIL PRODAN PHYSICAL REVIEW B 90, 184201 (2014)

form:

(Hψ)x = m!4ψ x + 1
2

3∑

j=1

{i!j (ψ x−ej
− ψ x+ej

)

+!4(ψ x−ej
+ ψ x+ej

)}, (3)

where ej ’s represent the fundamental translations of the lattice.
Since !−1

5 !j!5 = −!j for j = 1, . . . ,4, it is evident that H
has the chiral symmetry which is implemented by !5. Despite
its minimality, the model displays a rich phase diagram as a
function of the (unique) parameter m.

Indeed, in k space, the model takes the explicit form [12]

Hk =
3∑

j=1

sin kj!j +

⎛

⎝m +
3∑

j=1

cos kj

⎞

⎠ !4. (4)

Given the defining properties of the ! matrices, one has

H 2
k =

⎡

⎣
3∑

j=1

sin2 kj +

⎛

⎝m +
3∑

j=1

cos kj

⎞

⎠
2 ⎤

⎦ I4×4, (5)

hence band spectrum

E±
k = ±

⎡

⎣
3∑

j=1

sin2 kj +

⎛

⎝m +
3∑

j=1

cos kj

⎞

⎠
2 ⎤

⎦

1
2

(6)

and the flat-band Hamiltonian Qk ≡ H (k)
|H (k)|

Qk = (E+
k )−1

⎡

⎣
3∑

j=1

sin kj!j +

⎛

⎝m +
3∑

j=1

cos kj

⎞

⎠ !4

⎤

⎦ (7)

can be explicitly computed. This Qk has only off-diagonal
terms (due to the chiral symmetry): Qk =

(
0 Uk

U
†
k 0

)
, and the

unitary matrix Uk, which uniquely determines the ground state
of the model, can be easily read from here:

Uk = (E+
k )−1

⎡

⎣
3∑

j=1

sin kjσj − i

⎛

⎝m +
3∑

j=1

cos kj

⎞

⎠ I2×2

⎤

⎦ .

(8)

The bulk invariant is given by the winding number of Uk [22]:

ν(Uk) = $3

∑

ρ∈S3

(−1)ρ
∫

BZ
d3k

3∏

j=1

U
†
k∂ρj

Uk, (9)

where the summation is over all permutations of the three
indices. A map of ν as a function of the parameter m is reported
in Fig. 1. As one can see, there are three domains of topological
phases with ν = +1 and −2, the transition points being located
at m = −3, −1, +1, 3. At these points, the spectral gap of the
model closes.

The minimal model of Eq. (3) has two more symmetries:
the time-reversal symmetry implemented by (σ1 ⊗ iσ2)K
(squaring to −1) and the particle-hole symmetry implemented
by (σ2 ⊗ σ2)K, where K is the ordinary complex-conjugation
operator. Note that these two symmetrical operators do not
commute with each other, henceforth the model cannot be

Topological 
(  = -2)

Trivial 
(  = 0)

-3

Topological 
(  = +1)

Topological 
(  = +1)

Trivial 
(  = 0)

-1 +3+1

FIG. 1. (Color online) The phase diagram of the clean model
defined in Eq. (3) or (4). Here, the reader can identify the topological
phases with ν = −2, ν = +1, and the trivial topological phase ν = 0
with varying the parameter m.

placed in the DIII-symmetry class [10–12]. In the previous
paper [10], this Hamiltonian of Eq. (3) was classified into a
AIII-symmetry class. However, this Hamiltonian is not the
simplest model for AIII-symmetry class due to the presence
of the time-reversal symmetry and the particle-hole symmetry.
It is quite interesting to investigate what happens if we break
these symmetries and consequently reduce the Hamiltonian of
Eq. (3) to a standard AIII-symmetry model with only chiral
symmetry. As such, we add one more term to the model, which
becomes

(H0ψ)x = m!4ψ x + it!1!3!4ψ x

+ 1
2

3∑

j=1

{i!j (ψ x−ej
− ψ x+ej

)

+!4(ψ x−ej
+ ψ x+ej

)}. (10)

In k space, the extended model takes the form

Hk =
3∑

j=1

sin kj!j +

⎛

⎝m +
3∑

j=1

cos kj

⎞

⎠ !4 + it!1!3!4,

(11)

and the bulk invariant can be computed as before. A map of the
winding number for the model in Eq. (10) is reported in Fig. 2.
The most important feature in this diagram is the emergence of

ν = 0
Metal

ν = 1 ν = -2

6

4

2

0

-2

-4

-6

-4 -2 0 2 4 

ν = 1t

m

ν = 0

FIG. 2. (Color online) The phase diagram of the clean model
defined in Eq. (10). Here, the reader can identify the topological
phases with ν = −2 and ν = +1 (the rhombic domains), a large
metallic phase (the shaded region), and the trivial topological phase
ν = 0.
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Zero Temperature 3D Class AIII

EFFECT OF STRONG DISORDER ON THREE- . . . PHYSICAL REVIEW B 90, 184201 (2014)

a metallic (gapless) phase which now surrounds the domains
of topological phases.

The last comment for this section is that both models
are interesting for our analysis in the presence of disorder.
Indeed, while the time-reversal and particle-hole symmetries
do not play any topological role, as we shall see, their
presence or absence moves the critical points between the
topological phases from the symplectic universal class to the
unitary universal class, which can induce distinct physically
measurable effects.

B. Disordered case

We only consider onsite disorder, induced by random
fluctuations of m:

(Hωψ)x = (m + Wωx)"4ψ x + it"1"3"4ψ x

+ 1
2

3∑

j=1

{i"j (ψ x−ej
− ψx+ej

)

+"4(ψ x+ej
+ ψ x−ej

)}, (12)

where {ωx}x∈Z3 are independent random numbers drawn from
the interval [− 1

2 , 1
2 ] (white noise). As one can easily see,

the disordered Hamiltonian continues to display the chiral
symmetry: "−1

5 Hω"5 = −Hω.
The following details are of technical nature but neverthe-

less important for our analysis, and the related mathematic
argumentation can be also found in Refs. [20,21,23]. Readers
who are only interested in physical results on the first reading
can skip the following mathematic part. We denote a generic
disorder configuration {ωx}x∈Z3 by ω, and the latter is seen
as a point in $ = [− 1

2 , 1
2 ]Z

3
. This is compact metrizable set

which admits a probability measure, to be used for disorder
averages, which is simply defined by dP (ω) =

∏
x∈Z3 dωx . It

is important to note that there is a natural action of the lattice
translations on $:

(taω)x = ωx+a, (13)

and that the measure dP (ω) is ergodic relative to this action.
The family of disordered Hamiltonians {Hω}ω∈$ defined in
Eq. (12) is covariant, in the sense that

TaHωT −1
a = Htaω (14)

for any lattice translation Ta. Furthermore, any family of
operators {φ(Hω)}ω∈$ produced by the functional calculus
with Hω is covariant, and the same can be said for the
commutators {[X,φ(Hω)]}ω∈$, where X is the position op-
erator. The covariant property, together with the ergodicity of
the probability measure, ensures the following self-averaging
principle:

T{FωGω . . .} =
∫

$

dω tr0{FωGω . . .} (15)

for any covariant observables Fω,Gω, . . . . Above, T{. . .}
represents the trace per volume and tr0 is the trace over C4.

The bulk invariant can be defined as before, with the only
difference that the calculus must proceed in the real-space
representation. Indeed, by considering again the flat-band
Hamiltonian, the chiral symmetry annihilates the diagonal

FIG. 3. (Color online) The phase diagrams in the phase space
(m,t) at disorder strength W = 4. The computations were completed
on a cubic lattice of N = 16×16×16 unit cells, following the
procedure described in the text.

blocks and

Qω = Hω

|Hω|
=

(
0 Uω

U †
ω 0

)
(16)

with Uω a unitary operator which generates a covariant
family when ω is allowed to take values in $. The natural
generalization of the winding number to the disordered case is

ν(Uω) = iπ

3

∑

ρ∈S3

(−1)ρ T
⎧
⎨

⎩

3∏

j=1

U−1
ω [Xρj

,Uω]

⎫
⎬

⎭ , (17)

which for the translational-invariant case is just the real-space
representation of the k-space formula in Eq. (9). The following
index theorem is adopted from Ref. [21]:

Theorem [21]. On the space ℓ2(Z3,C4) ⊗ C2 let∑3
j=1 Xj ⊗ σj be the Dirac operator and let + denote the

projector onto the positive spectrum of this Dirac operator.

FIG. 4. (Color online) The phase diagrams in the phase space
(m,W ) at t = 0. The computations for ν were done with a cubic
lattice of N = 16×16×16 unit cells.
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FIG. 5. (Color online) Evolution of the winding number ν with
disorder W (a) and parameter m (b). The raw, unaveraged data for
five disorder configurations are shown by the scattered points and the
average by the solid line. The marked data points report quantized
values with three digital precisions. The computations were done with
a cubic lattice of N = 21×21×21 unit cells.

Assume
!

"

dP (ω) |⟨x|Uω| y⟩| ! Ae−γ |x− y| (18)

for some strictly positive A and γ . Then, with probability one
in ω, %Uω% is a Fredholm operator and

ν(Uω) = Index %Uω%. (19)

Furthermore, the Fredholm index on the right-hand side is
independent of ω and is invariant against any continuous
deformations of the Hamiltonian as long as Eq. (18) is satisfied.

The condition written in Eq. (18) holds true if the Fermi
level resides in a region of Anderson localized energy spectrum
[21]. This analytic result ensures that the topological phases
do not disappear when the disorder is turned on, and that
topological phases with different ν’s are separated by a
metallic phase boundary. The numerical algorithm we use
to compute the noncommutative winding number is based
on the canonical finite-volume approximations discovered in
Ref. [23] and was discussed in detailed in Ref. [20]. Note that
the winding-number formula in Eq. (17) has the self-averaging
property discussed above, hence, the quantized values of ν can
be obtained from a single-disorder configuration, provided the
size of the system is large enough. This will prove to be a great
numerical advantage of the approach.

Figure 3 reports the map of the winding number in the (m,t)
plane, computed at fixed disorder strength W = 4. As one can
clearly see, there are well-defined regions where the winding
number remains quantized and the topological phases seen
in Fig. 2 are still clearly visible. The phase boundaries of the
phase diagram moved quite visibly when compared with Fig. 2,
with the topological phases actually occupying more volume
after the disorder was turned on. Outside the topological re-
gions, the winding number does not drop to zero immediately,
indicating the presence of a substantial metallic region (defined
as having a diverging dynamical localization length). Hence,
the metallic phase present in Fig. 2 survives the disorder, but
this is of course not a surprise in space dimension d = 3.

Figure 4 reports the map of the winding number in
the plane (m,W ), computed at t = 0. As one can see, the

FIG. 6. (Color online) Statistics of the energy-level-spacing ensembles for Hamiltonian defined in Eq. (12) with t = 0 (time-reversal
symmetry) and disorder strength W = 4, collected at different energies. Section (a) of the figure corresponds to the topological phase ν = −2
(m = 0), while section (b) to the topological phase ν = +1 (m = 2). For both sections, the main panels show the variance of the ensembles. The
dotted lines mark the value 0.104 appropriate for a Gaussian symplectic ensemble of random matrices. The side panels show the histograms
of the level-spacing ensembles recorder at a few particular energies. This histograms are compared with the Wigner surmise distribution
PGSE(s) = 218

36π3 s4e− 64
9π s2

.
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